We prove that the Wiener Index W (G) of a Maximal Planar graph G with n vertices satisfies W (G) ≤ 1 18 (n 3 + 3n 2 ) for 3 ≤ n ≤ 18.
Introduction
Let G be a simple, connected graph. We call G planar if there is an embedding of G on the plane where edges only cross at vertices. G is maximal planar if adding any edge to G violates planarity. The distance d(u, v) between u, v ∈ V (G) is defined to be the length of a shortest path between u, v, where the length of a path is the number of edges in it. The Wiener Index of G is defined as W (G) = u,v∈V (G),u =v d(u, v). In 2019, Che and Collins [1] proved that if G is maximal planar with n vertices, W (G) ≤ 1 18 (n 3 + 3n 2 ) for 3 ≤ n ≤ 10, and conjectured that this upper bound holds for all n ∈ N. In this paper, we show this conjecture to be true for 3 ≤ n ≤ 17 taking a different approach than in [1] .
Overview
The key idea here is to contract a carefully chosen edge and note that this contraction preserves maximal planarity. Then we provide an upper bound by which the Wiener Index can reduce after the contraction (in the derived graph), and use mathematical induction to establish the desired upper bound. Theorem 1. Let G be a maximum planar graph with n ≥ 4 vertices. Then G contains an edge such that the only triangles containing it are faces. [2] Definition 1 Let G be a maximal planar graph with n ≥ 5 vertices, and let e ∈ E(G) be such that any triangle containing e is a face. We define the ancestor G ′ (of G with respect of e) be the graph obtained by contracting e. Theorem 2. If G is a maximal planar graph with at least 5 vertices, then any ancestor G ′ of G is also maximum planar.
Proof. There are exactly two triangles that share e as a side, and so clearly, contracting it does not violate planarity. Also, |V (G ′ )| = |V (G)| − 1 and |E(G ′ )| = |E(G)| − 3. So we see that maximum planarity is also preserved.
Theorem 3. Let G n+1 be a maximum planar graph with n ≥ 4 vertices and G n an ancestor of G n+1 . Then
Let e be the edge of G n+1 by contracting which G n was derived. In the figure below, we show one of the two triangles that share e as a side, where side BC is the edge e. Note that d Gn+1 (u, v) < d Gn (u, v) if and only if a shortest path between u, v exists in G n+1 that also contains the edge e. Also,
such that a path of shortest length between u, v exists in G n+1 that contains the edge e }. Note that |U | + |V | = n − 2, and so, |U − V ||V − U | ≤ ( n−2 2 ) 2 . Also, no path from A to some vertex in U or V can be shorten by contracting the edge BC. Considering the maximum number of the paths possible, we see that
, if we can show that 1 18 ((n + 1) 3 + 3(n + 1) 2 ) − 1 ≥ 1 18 (n 3 + 3n 2 ) + ( n−2 2 ) 2 for some n ∈ N, that will imply W (G n+1 ) ≥ 1 18 ((n + 1) 3 + 3(n + 1) 2 ). For the reminder, we denote by G n a maximal planar graph with n vertices, for a G n under consideration, G n−1 is an ancestor of G n .
Theorem 4. For 1 ≤ n ≤ 16, 1 18 ((n + 1) 3 ) + 3(n + 1)
From Theorem 4 immediately follows
Theorem 5. For 3 ≤ n ≤ 17, W (G n ) ≤ 1 18 (n 3 + 3n 2 ). Proof. For n = 3, 4, the proposition is trivial to check. For 5 ≤ n ≤ 17, we simply need to apply Theorem 4 repeatedly. . Moreover, obvioulsy, there is at least one edge connecting A to some vertex in U or V (U, V are sets as defined for figure 1) . So, there is at least one (minimum) path connecting a pair of points between U and V that is not shortened by the edge contraction. Combining these two observations, we can actually say that W (G 18 )−W (G 17 ) ≤ 
